Isomorphism between super Yangian and quantum loop superalgebra. I
Introduction
Lie Superalgebras are a working tool for physicists in the study of supersymmetric models of quantum field theory. Classification of simple Lie superalgebras of classical type was obtained by Victor Kac in the late 70-ies of the last century (see [11] ). Lie superalgebras of classical type in this classification are divided into basic and strange Lie superalgebras, and the last unlike basic Lie superalgebras, are not contragredient Lie superalgebras (see [11] , [7] ). In the middle of the 80s of the last century V. Drinfeld had introduced quantum groups that are deformations of universal algebras of simple Lie algebras (see [3] , [4] , [5] , [1] ). One of the most important examples of such deformations were the Yangians ( [3] , [1] , [12] ) associated with rational solutions of the quantum Yang-Baxter equation as well as quantized universal enveloping Kac-Moody algebras and quantum loop algebras. Somewhat later, the Yangians of Lie superalgebras ( [15] , [13] ) were also studied, which also found application in quantum field theory, in particular, in the quantum theory of superstrings ( [2] , [14] ).
Despite the marked differences between the Yangians and quantum affine algebras, there are many similarities between them and, first of all, a very similar description of finite-dimensional irreducible representations, which indicates a deep connection between these objects. This relationship was clear already V. Drinfeld, who determined both these classes of Hopf algebras. But explicit results that formulate a connection between these objects have been published relatively recently (see [8] , [9] , [10] ).
In this paper, we following the approach of S. Gautam and V. ToledanoLaredo (see [8] ), we construct an isomorphism between the Yangian of the special linear Lie superalgebra and the quantum loop superalgebra U (LA(m, n)). It should also mention the works [9] , [10] , in which this approach is significantly strengthened and used to investigate the connection between categories of representations of Yangians and quantum loop algebras. Actually, such an investigation is our goal, and this work is the first step in this direction (see also the papers [18] , [22] , devoted to the representations of the special linear Lie superalgebra of the Yangian). To simplify the presentation, we also omitted the proofs of some auxiliary assertions, which we are going to publish in the second part of this paper.
A few words about the organization of this work. In the second paragraph, we recall the definitions of the main actors -the Yangian of a special linear Lie superalgebra and the quantum loop superalgebra, and the result on the classification of finite-dimensional irreducible modules over a Yangian and a quantum affine algebra. In the third section we formulate the main result of the paper. In the last, fourth paragraph, we give a detailed proof of the theorem on isomorphism.
We'll use the following standard notations. We denote by C the complex numbers field, M n (K) be the ring of N × N matrices with elements from the ring K; we denote by K[u], K [[u] ] the ring of polynomials, respectively, formal power series, with coefficients in the ring K. We denote the end of the proof by the symbol .
Super Yangian
In this section we recall the definitions of the Yangian of a special linear superalgebra and the quantum loop superalgebra U (LA(m, n)). But first, for the convenience of the reader, we recall the definition of a special linear Lie superalgebra sl(m + 1, n + 1) = A(m, n).
Special linear Lie superalgebra
Lie superalgebra A(m, n) is defined by its Cartan matrix A = (a i,j ) m+n+1 i,j=1 . Its non zero elements has a following form:
This Cartan matrix is symmetrizable and it is often more convenient to use the symmetric Cartan matrix. True, in the corresponding symmetric matrix, the diagonal elements starting from m + 2-th are negative and equal to −2, and the elements on the row of the upper and lower diagonals, starting with m + 1-th, are 1. The remaining elements are exactly the same as those of the selected Cartan matrix.
Thus, in the relations we use the following symmetrized Cartan matrix of the Lie superalgebra A(m, n):
The Lie superalgebra g = A(m, n) is generated by the generators:
The generators x ± m+1 are odd, while the remaining generators are even, that is, the parity function p takes on the following values: p(h i ) = 0, i ∈ I, p(x ± j ) = 0, j = m + 1, p(x ± m+1 ) = 1. These generators satisfy the following defining relations:
We note that the last two relations are called Serre relations.
Definition of super Yangian
Let I = {1, 2, . . . , m + n + 1} the set of index numbers of simple roots of Lie superalgebra A(m, n). 
which satisfy the following system of defining relations:
for all integer m, r, l, t. Here S r is a permutation group of the r-elements set. The sum in relation (2.13) is taken by all permutations σ of set {1, . . . , r}. We note that the relation (2.13) takes the following form for j ∈ {i−1, i+1}
for arbitrary natural numbers k, s, l, since in these casesã ij = −1. In the remaining cases for i = j we haveã ij = 0 and relation (2.13) is transformed to the relation
, since for i = j we haveã ij = 0 in the remaining cases.
The parity function takes the following values on the generators:
We note that the universal enveloping superalgebra U (g) is naturally embedded in Y (g), and the embedding is given by the formulas h i → h i,0 , x
We shall identify the universal enveloping superalgebra U (g) with its image in Yangian.
Definition of quantum loop superalgebra
In this subsection we define quantum loop superalgebra using a definition of a quantized universal enveloping affine superalgebra in terms of the current system of generators and generating relations, the natural analogue of the new system of generators and defining relations by Drinfeld. Actually, the quantum affine superalgebra defined in this way allows us to naturally separate a quantum loop superalgebra from it, simply by putting in the following defining relations the element C, which is the deformation of the central element c equal to 1.
We now explicitly formulate the definition of the quantum loop superalgebra U (LA(m, n)), slightly changing the notation, following G. Lustig. In addition, we assume that q = e /2 . We use also the following standard notation:
Now, we define quantum universal enveloping superalgebra of Lie superalgebra g = A(m, n). Definition 2.2. Let U (Lg) be an associative superalgebra over C[[ ]] topologically generated by generators {E i,k , F i,k , H i,k } i∈I,k∈Z , which satisfy the following system of defining relations: 1) For every i, j ∈ I and r, s ∈ Z
3) For every i, j ∈ I and r, k ∈ Z\{0}
where elements ψ i,r , ϕ i,r are defined the following formulas:
and
We also denote by U 0 ⊂ U (Lg) a commutative subalgebra generated by generators {H i,r } i∈I,r∈Z .
Representation theory of super Yangian and quantum loop superalgebra
For the reader's convenience, we formulate the main result of the paper [18] , the classification theorem for finite-dimensional irreducible representations of the Yangian
where v 0 is a highest vector, and i = {1, 2, . . . , m + n + 1}.
2) The module V (d) is finite-dimensional if and only if there exist polyno-
, which satisfy the following conditions: a) all these polynomials with leading coefficients equal to 1 (or monic); b)
Here d i a ii is the matrix element of the symmetrized Cartan matrix of the Lie superalgebra A(m, n).
We now formulate an analogue of the above result on the classification of finite-dimensional irreducible representations of the Yangian for the quantum affine Lie superalgebra U q (A (1) (m, n)). The proof of this theorem will be published separately.
where v 0 is a highest vector and i = {1, 2, . . . , m + n + 1}.
2) The module V (δ) is finite-dimensional if and only if there exist polynomials P δ i , i ∈ {1, 2, . . . , m, m + 2, . . . m + n + 1} = I\{m + 1}, as well as polynomials P δ m+1 , Q δ m+1 , which satisfy the following conditions: a) all these polynomials with leading coefficients equal to 1 and non-zero free terms; b)
Main result
We denote (as above) by Lg the Lie algebra (Laurent polynomial) loops with values in the simple algebra (basic Lie superalgebra) of g. In this subsection we construct a homomorphism of the quantum loop (super)algebra U (Lg) into the quantum (super)algebra Y (g) from which the Yangian Y (g) is obtained by specialization for = 1. In constructing, we confine ourselves to the special case of a basic Lie superalgebra of type A(m, n), that is, we assume that g = A(m, n). To construct this homomorphism, we need descriptions of quantum affine algebras (superalgebras) and Yangians in terms of generating functions of generators. Let I = {1, 2, . . . , m + 1, . . . m + n + 1}. This set will be identified with the set of simple roots {α 1 , α 2 , . . . , α m , α m+1 , . . . α m+n+1 } base we assume that α m+1 is an odd root, that is, we deal with a distinguished system of simple roots of the basic Lie superalgebra A(m, n).
Let {E i,r , F i,r , H i,r } i∈I,r∈Z be the loop generators of the quantum affine algebra U (Lg), and {e i,k , f i,k , h i,k } i∈I,k∈Z + are the generators of the Yangian Y (g).
Let g = A(m, n), Y (g) be a completion of Yangian Y (g) with respect to h-adic topology, defined by natural filtration. I recall, that this filtration defined by N -grading, which, is defined as follows:
Define the map
on generators by the following formulas:
Φ(E i,r ) = e rσ
Here, as above, we use the following notations q = e /2 , q i = q d i , d i are elements of the symmetrizing matrix for the Cartan matrix Lie (super)algebra g = A(m, n). We use also the system of logarithmic generators generators {t i,r } i∈I,r∈N of commutative subalgebra Y (h) ⊂ Y (g) generated by generators {h i,r } i∈I,r∈N . These logarithmic generators are defined by the following equality for the generating functions:
The elements {g ± i,m } i∈I,m∈N lie in the completion of the algebra Y (h) and are defined as follows. Consider the following formal power series:
Finally, σ ± i are homomorphisms of sub-superalgebras σ
, which are defined on the generators {h i,r , e i,r , f i,r } as follows. They leave the generators h i,k fixed, and the other generators act as shifts:
The elements {g ± i,m } i∈I,m∈N belong to the completion of the algebra Y (h) and are defined as follows. Consider the following formal power series:
and define γ i ∈Ŷ 0 [v] by formula:
Let σ ± i subsuperalgebra homomorphisms
which are given on the generators {h i,r , e i,r , f i,r } as follows. They leave the generators h i,k fixed, and to the other generators act as shifts: σ
Let also Y (g) be the completion of the Yangian with respect to its N -grading. Consider the following mappings c : U (Lg) → U (Lg), (3.6) which given by → 0, and also map
which given by formula d(f (z)) = f (1). Then the kernel of the composition of these mappings
we denote by I := Ker(e). We define the completion of a quantum loop algebra with respect to the I-adic topology given by the powers of the ideal I:
We state the main result of this paper. 
which extends to an isomorphism of completions
4 Proof of the main result
The proof decomposes into several auxiliary statements.
The Lie superalgebra sl(1, 1) case
We first consider an important special case of the Lie superalgebra sl(1, 1).
It is easy to see that the Yangian Y (sl(1, 1)) is generated by the generators h n , e n , f n , n ∈ Z 0 , which satisfy the following defining relations:
Similarly, the quantum loop algebra U (Lsl (1, 1) ) is generated by the generators {E n , F n , H n } n∈Z , which satisfy the following system of defining relations:
for all r, s ∈ Z. Here as above elements ψ r , ϕ r are defined by the following formulas:
First, we describe homomorphism Φ : U (sl (1, 1) ) → Y (sl (1, 1) ). We first recall the definition of the Borel transformation (more precisely, the inverse of the Borel transform), which is a discrete analog of the Laplace transform. We denote by B the transformation associating the functions f (u) ∈ A[ [u] ] with values in some associative algebra A, the func-
We note the following properties of the Borel transform of the generating function t(u) of the logarithmic generators
Easy to check that
Indeed, using the Borel transformation properties, which coincide with the properties of the Laplace transform, we obtain the following equalities:
To prove the theorem in this particular case, it suffices to verify the equivalence of the relations 2.8) and (2.19). We first note that Φ(E r ) = e rσ + m≥0 g m e m = m≥0 g (+,k) m e m = e rσ + g(σ + )e 0 , (4.12)
Let us prove an explicit calculation of equality
(4.14)
Explicitly calculate the right and left sides of the equality to be proved (4.14). It is easy to see that
For brevity we use the notation
It is easy to check that
Similarly,
Note also that if the variables u and v commute, then
where f 0 (u) = e u/2 − e −u/2 u .
Now we can calculate Φ(E r )Φ(E l ). Actually,
From this we immediately obtain that
On the other hand,
We describe the action of generators, respectively, of a quantum loop superalgebra and a Yangian, in finite-dimensional irreducible modules. We need the results of the papers [18] and [22] , in which the classification of finite-dimensional irreducible Yangian modules of a special linear Lie superalgebra is given. We need an explicit definition of the action of the Cartan generators on the highest vectors of finite-dimensional irreducible modules over, respectively, the Yangian and the quantum loop algebra.
We denote by D Y the Yangian morphism into a finite-dimensional irreducible module given by a family of Drinfeld polynomials. We now consider the case of Yangian Y (sl (1, 1) ). In this case the finite-dimensional irreducible Yangian module is given by a pair of Drinfeld polynomials P d (u) and Q d (u) with leading coefficient equal to 1. In this case the polynomials are uniquely determined by their complex roots: a 1 , . . . , a n and b 1 , . . . , b n . In this case, the action of the generating function of the Yangian on the highest vector is given by the following formula (see [18] ):
where as above h(u) = 1 + k≥0 h k u −k−1 be a generating function of Cartan generators. In other words
Assuming the quantities a 1 , . . . , a n , b 1 , . . . , b m as parameters, we obtain the mapping
Cartan subalgebra of the Yangian into a commutative polynomial ring defined by the formula (4.17).
Similarly we define the map
We now compute the action of the homomorphism D Y : Y (sl (1, 1) ) → End(V P,Q ) onto t(u), as well as the images of the generators h k and t k under the action of this mapping. The following proposition holds.
Proposition 4.1. The following formulas are valid:
Proof. The proof is carried out by direct calculation, by expansion in powers of the variable u −1 of the left and right sides of the equalities to be proved.
From the sentence 4.1 it follows easily that Proposition 4.2. 1) Homomorphisms
are injective.
Now we can formulate and prove the most important auxiliary assertion
Lemma 4.1. The following equality holds
Proof. We first calculate the left-hand side of the equality.
So, we obtain
A direct calculation proves the following assertion.
Taking into account the equality (4.22) and the sentence 4.3, we get that the last equality is
Taking into account, that lim v→bp v − b p e v − e bp = e −bp we obtain, that last eqiality is equal
By the formula (4.19), we see that
Analogously, considering the expansion in a neighborhood of an infinitely, we obtain that D Y ( e rv exp(γv)| v −n−1 =hn ) coincides with ( e /2 − e − /2 )D U (ϕ r ).
Lemma is proved.
Easy to see that from lemma 4.1 and proposition 4.2 follows equality (4.14):
since, as was proved earlier, by the injectivity of the mapping D U , which follows from the proposition 4.2, left-hand side of equality is equal to e kv exp(γv)| v n =hn .
From the lemma 4.1 and the injectivity of the map D Y , which also follows from the proposition 4.2, it follows that the right-hand side of the equality (4.14) also is equal to e kv exp(γv)| v n =hn . Thus, the equality (4.14) is proved. Equality (4.14) easily implies the equivalence of (2) and (3).
General case
We now proceed to the proof of the theorem. We note that the equivalence of the relations (2.8) and (2.19) in the case when i = m + 1 is proved above.
The case when i = m + 1 is essentially proved in the paper [8] , and we omit its proof. Namely, let us first show that the relations (2.7), (2.9) are equivalent to the following relation, written in terms of generating functions of generators and shift operators σ
Here
The right-hand side in (4.27) is understood as an expansion in powers of u −1 , and the brackets are understood as a supercommutator. The assertion is proved by direct verification. Let's do this check. For simplicity we write a = ± d i a i,j /2. We multiply the right-hand side of the relation (2.9) by u −r−1 and sum over all r ≥ 0. We obtain
where {x, h} = xh+(−1) p(h)p(x) hx denotes an anti-supercommutator. Using relations (2.7) and [
Q.E.D. The converse is also true. It is sufficient to take the coefficients of u −k , k ≥ 0 on the right-hand side of the formula (4.28) in order to obtain formulas (2.7), (2.9). Now, in the same way, we rewrite the relations (2.11), (2.13) in terms of generating functions of generators. We will use the above notation. For the operator B ∈ End(V ) we denote by B (i) ∈ End(V ⊗n ) the operator defined by the formula:
Also, for (super) algebras A, we define the map ad (m) : A ⊗m → End(A) by formula:
Proposition 4.4. 1) The relation (2.11) for i = j is equivalent is to the following relation
2) The relation (2.11) for i = j is equivalent to the fact that for an arbitrary
where µ :
3) The relation (2.13) for i = j is equivalent to the fact that for an arbitrary Proof. 1) We note that relation (2.11)
can be rewritten in the following form:
which proves item 1.
2) If i = j, a = d i a ii , then we note that it follows from formula (4.33) that
We note that this relation is equivalent to the relation
which proves item 2.
3) Note that (4.32) is just a rewritten identity (2.11), and this fact proves 3). We note that the proof of this relation in our case coincides with the proof for the Yangians of simple Lie algebras and quantum loop algebras given in detail in the paper [8] .
Proposition is proved.
Consider in Y 0 , the system of generators {t i,r } i∈I,r∈Z + introduced earlier. This system of generators is, as is easy to see, homogeneous and deg(t i,r ) = r. Moreover, t i,0 = h i,0 and t i,r ≡ h i,r mod for an arbitrary r ≥ 1 as
We consider, as above, B(t i (u))(v) the inverse Borel transformation B (see (4.9)) of formal power series t i (u):
Lemma 4.2. For arbitrary i, j ∈ I we have the following equality
. Then, from (4.27), we have
Hence we obtain that
Using the above mentioned (4.11) equality
To prove the theorem it remains to prove the equivalence of the relation (2.13) to the relation (2.21) and relations (2.14) to the relations (2.22), (2.23).
Proposition 4.5. 1) The relation (2.13) is equivalent to the relation (2.21).
2)The relations (2.14) are equivalent to the relations (2.22), (2.23).
Proof. The proof of item 1 is somewhat complicated, based on the formulas proved above and the Poincare-Birkhoff-Witt theorem for the Yangian (see, for example, [15] , and also [19] for the more complicated case of the Yangian of the strange Lie superalgebra).
We briefly describe the scheme of the proof of item 2 of the proposition. .14) holds, if the plus sign is chosen in it. But the inverse of the expression (2.22) as follows from the above calculations is equivalent to the relation (2.14).
Checking the equivalence of the relation (2.23) and the relation (2.14) in the case when the minus sign is selected in it is carried out similarly.
The proposition is proved.
The main result, theorem 3.1, is deduced from the assertions proved above.
Proof. We briefly describe the plan of the proof of the theorem 3.1. It is easy to see that the assertion of the existence of the monomorphism Φ defined by the formula (3.9) follows from the propositions proved above. The assertion that this mapping can be uniquely extended to an isomorphism (3.10) is proved by standard arguments analogous to those given in [8] .
Namely, we first prove the isomorphism of the completions of the loop and current superalgebras, that is, the correctness of the assertion to be proved in the case when the deformation parameter = 0. Then, using the PBW theorem and the fact that the Yangian and the quantum loop superalgebra are flat deformations corresponding to the current and loop superbialgebras, we deduce from this the fact that the map Φ is an isomorphism.
